Abstract. The BNS-invariant or † 1 -invariant is the first of a series of geometric invariants of finitely generated groups defined in the eighties that are deeply related to finiteness properties of their subgroups, although they are very hard to compute. Meier, Meinert and VanWyk have obtained a partial description of † 1 of Artin groups, but the complete description of the general case is still an open problem. Let the circuit rank of an Artin group be the free rank of the fundamental group of its underlying graph. Meier, in a previous work, obtained a complete description for Artin groups of circuit rank 0, i.e., whose underlying graphs are trees. In a previous work we have proved, in joint work with Kochloukova, the same description to be true for Artin groups of circuit rank 1. In this paper we prove the description to be true for every Artin group of circuit rank 2.
Introduction
The first †-invariant was introduced for the class of metabelian groups in [9] , where it was used to classify all finitely presented metabelian groups. Later on it was defined for general finitely generated groups [7] , in the form of the invariant now known as BNS-invariant or † 1 -invariant, which may be used to determine if a subgroup of G which contains G 0 is finitely generated. Then a whole series of †-invariants † m .G; Z/ (resp. † m .G/), of homological (resp. homotopical) nature were defined in [8, 15] . These higher invariants reveal which subgroups of G above the commutator have homological type FP m (resp. homotopical type F m ).
It is worth mentioning that in general it is quite difficult to calculate these †-invariants, although some advances have been made. For example, for metabelian groups they are known in all dimensions only for the restricted class of metabelian groups of finite Prüfer rank [14] . Another relevant example is the case of the Thompson group F , for which the †-invariants in all dimensions were calculated in [6] . The †-invariants have also been applied in other contexts, as in [10] .
The Artin group G with underlying finite simplicial graph G , with edges labeled by integer numbers greater than one, is given by a finite presentation, with generators corresponding to the vertices V .G / of G and relations given by OEu; v n D OEv; u n for each edge ¹u; vº of G with label n; If G is connected and 1 .G / is free of rank n, we say G is an Artin group of circuit rank n. The †-invariants have been studied for some classes of Artin groups, see for example [1] [2] [3] [11] [12] [13] . In [12] all homological †-invariants were calculated for the class of right-angled Artin groups. The proof in [12] generalizes the proof of the fact that some subgroups of right-angled Artin groups are of type FP m but are not finitely presented, see [5] .
The BNS-invariant is known for Artin groups of circuit rank 0 [11] . In other joint works we have obtained † 1 for Artin groups of circuit rank 1 [2] , for some other subclasses of higher circuit ranks [1, 3] and for all Artin groups of finite type [4] . In this paper we obtain a complete description of † 1 for Artin groups of circuit rank 2.
Before we go into details, we note that all these results are particular true cases for Conjecture 2.2, which is a general conjecture on † 1 of Artin groups. We have also obtained recently, in joint work with F. Lima, that the class of Artin groups that satisfy Conjecture 2.2 is closed for finite direct products [4] .
Let G be a graph. A subgraph H of G is called dominant if, for each vertex v 2 V .G /nV .H /, there is an edge e 2 E.G / such that .e/ D v and .e/ 2 V .H /. Let be a character of an Artin group G with underlying graph G . An edge e of G is called dead if e has an even label greater than 2 and . .e// D . .e//. Let G be an Artin group with underlying graph G and let W G ! R be a nonzero real character of G. Define L F D L F . / as the full subgraph of G generated by the vertices v 2 V .G / such as .v/ ¤ 0. Define the living subgraph L D L. / L F as the subgraph obtained from L F after removing the dead edges.
In [11] , † 1 .G/ was calculated when G is a tree and in [13] some sufficient and necessary conditions were obtained for an element OE of the unit sphere S.G/ to be in † 1 .G/. In [2] we have shown, in a joint work with D. H. Kochloukova, the sufficient condition of [13] to be also necessary for Artin groups of circuit rank 1 and some other subclasses. In this paper we use a similar strategy to show the same result for Artin groups of circuit rank 2. Thus our main result is the following: Theorem 1.1. Let G be an Artin group of circuit rank 2, with underlying graph G . Then † 1 .G/ D ¹OE 2 S.G/ j L. / is a connected dominant subgraph of G º:
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Our approach is to reduce the problem to some special cases that are discussed in Section 3. The proofs for the special cases are technical and reduce to showing that a particular normal subgroup N of G with G=N ' Z cannot be finitely generated. Though many of the calculations in these special cases are similar, the details in each case are slightly different. In Section 3.1 we outline the strategy of the proofs and explain the common notations and in Section 3.2 we describe the detailed calculations for each case. Finally, in the last section we show how the special cases imply our main result.
Preliminary results

† 1 -invariant of Artin groups
The following result gives a partial description of the one-dimensional †-invariant of Artin groups Theorem 2.1 ( [13] ). Let G be an Artin group with underlying graph G and let be a non-zero real character of G.
(i) If L. / is a connected dominant subgraph of G , then OE 2 † 1 .G/.
(ii) If OE 2 † 1 .G/, then L F . / is a connected dominant subgraph of G .
We also believe the converse of the first item to be true, which leads to the conjecture below.
Conjecture 2.2. Let G be an Artin group with underlying graph G . Then
We have been trying to prove the conjecture above to be true for as many particular cases as possible. By using Theorem 2.1, we can reduce Conjecture 2.2 to a simpler version.
Proof. Since is non-trivial, we have
Reduction results
To reduce the underlying graphs we need to use essentially two strategies. The first one is "cutting", based on Bass-Serre theory.
Let H be a subgraph of G and H its corresponding Artin group. Then there is a natural homomorphism i W H ! G such that the image of an arbitrary generator of H corresponding to a vertex u 2 V .H / V .G / is the generator of G corresponding to the vertex u. We recall that a subgraph H of G is full if whenever two vertices of H are linked by an edge e 2 E.G /, then e 2 E.H /.
(i) Delete all the vertices v such that .v/ D 0, as well as all the edges to which they belong.
(ii) Add an edge (with arbitrary label 2) connecting two vertices of G that are not connected by an edge.
(iii) Change the label˛i j of an edge with vertices u i and u j of G toˇi j > 1 such thatˇi j j˛i j unless .u i / ¤ .u j / andˇi j is odd.
(iv) Identify two vertices u i ; u j such that .u i / D .u j /. The resulting graph may not be simplicial, so we do the following process: If any two edges now have the same endpoints, with labels m; n, then identify those edges and replace their labels with gcd.m; n/. Now identify the endpoints of any edge that is labeled by 1. Repeat this process while there are still two edges with the same endpoints, as many times as necessary. After that delete all edges that are loops.
Then there is a natural epimorphism W G N G and induces a real character
3 Reduced cases
The strategy of the proof of the reduced cases
In this section we study some special cases of the Main Theorem. We start with some definition and notations that will appear in the results of this section. The proofs of the theorems in this section are similar but the technical details sometimes are different, so we collect here the common definitions and properties. If there is any unclear notation, the reader is advised to consult Section 3.2, since some of the notation used here will be properly established in the course of the proofs. In all cases we suppose that OE 2 † 1 .G/. In each case that is equivalent to N WD Ker. / to be finitely generated. So we suppose N to be finitely generated and find a contradiction.
First of all, we establish the initial presentation for G directly from the definition. For the relations labeled by 2k i , k i > 1, i D 1; 2; 3, we always assume that k i is prime, for technical reasons (we can do that by Lemma 2.12). Then we find a presentation for N by adapting the presentation of G. That will lead us to an infinite presentation of N , for which we choose a specific quotient N N (which is of course finitely generated). Directly from the presentation of N we find a infinite presentation for N N with generators x i ; y i ; z i , i 2 Z. Then we consider the groups
Now we define as the canonical homomorphism
where ¹x i º i 2Z ; ¹z i º i 2Z M extend ¹x i º 0Äi Ä 1 ; ¹z i º 0Äi ÄÃ 1 , respectively. The isomorphism above is justified by the presentation of N N , slightly different for each case.
We define Â W M A as an epimorphism such that Â jK D Id K and Â projects
is the canonical projection and Ker.ı/ Â K A . Note that K A has finite index in A. Then B WD ı.K A / has finite index in N A, and since N N is finitely generated, we deduce that B is finitely generated.
Finally, we consider the abelianization B ab of B. As B is finitely generated, so is the Z-module B ab . Since N A=B ' A=K A ' D, we can view B ab as a right ZOED-module where the action is induced by conjugation. By (3.1), B ab as a right Z k 2 OED-module is generated by the images of e i WD ıÂy i ; i 2 Z:
Thus B ab is a quotient of the free Z k 2 OED-module L i 2Z e i Z k 2 OED with basis ¹e i º i 2Z and using this description we prove B ab cannot be finitely generated, a contradiction. Then N N cannot be finitely generated, which means OE 2 † 1 .G/ c . That finishes the proof. 
Proof. By Lemma 2.12 we can assume that k i is prime, for i D 1; 2; 3. Define N WD Ker. / and note that is discrete. By Corollary 2.7, OE 2 † 1 .G/ if and only if N is finitely generated. Assume that N is finitely generated.
By definition, G has a presentation
By construction G=hx 0 ; y 0 ; z 0 ; wi G is generated by the class of . By Lemma 2.9,
since w commutes with . Now we need to translate the relations of G to relations on the generators of N shown in (3.3) . Firstly, it is easy to see that the relation u 1 u 4 D u 4 u 1 is equivalent to the combination of the following relations:
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(by moving the q and p factors to the right, clearing common factors at the right and conjugating both sides by i )
So we have the following presentation:
By hypothesis, N is finitely generated, then so is
Analyzing the relations of (3.9), we obtain the following presentation:
Let D 2lq and Ã D q. Consider the groups K 1 , K 3 , K, M , D and A defined in Section 3.1. Let be the canonical homomorphism
The isomorphism above is justified by the following: Conjugating by suitable powers of , we obtain the two last relations of (3.10) to be equivalent to, respectively, So we can use (3.11) and (3.12) to see the elements z i and x i , for i 2 Z, as elements of M , constructing the isomorphism.
We write by abuse of notation x i , y i and z i for the images of x i , y i and z i in N N . Now we need a technical lemma.
and
for all i 2 Z. Finally,
Proof. The first part comes from the normal form theorem for free products. Equations (3.13) and (3.15) come from conjugating, applying an induction argument and the uniqueness of the first part of the lemma on (3.11). Equation (3.14) is equivalent to (3.13). The two last sentences can be proved by isolating Q x i on (3.11) and (3.12), respectively, and using another induction argument followed by using the uniqueness of the first part. A similar result was shown in [2, Claim 3.3] .
Let Â W M A be the epimorphism given as follows:
A and a commutative diagram, as noted in Section 3.1. We also define A, ı and B as in the same subsection and we recall
Consider the abelianization B ab of B. Since B is finitely generated, so is the Z-module B ab . As N A=B ' A=K A ' D, we can view B ab as a right ZOED-module where the action is induced by conjugation. Note that
Now we have two cases to consider. If k 1 ¤ 2, then, by (3.13) and (3.14),
by permutating the factors if necessary. Let L D ¹j 2 Z j j is not congruent to any x 2 ¹ q 1; q; : : : ; 2º mod 2lqC1º:
By (3.18), B ab as a right Z k 2 OED-module is generated by the images of e i WD ıÂy i ; i 2 Z:
It follows that B ab is a quotient of the free
where
I is the Z k 2 OED-submodule generated by
, with b i ; c i 2 B ab being the images of ıÂv i ; ıÂw i 2 B in B ab , and I 0 is the Z k 2 OED-submodule generated by
which is also a Z k 2 -vector space of dimension .
is a quotient of B ab (as a Z-module), hence finitely generated (as a Z-module), a contradiction with R ¤ 0.
Note that
where e i R ' R. By (3.16) and (3.17),
As Z n L is infinite and R ¤ 0, it follows that V has infinite dimension, a contradiction. 
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Proof. By Lemma 2.12 we can assume that k i is prime, for i D 1; 2; 3. Define N WD Ker. / and note that is discrete. By Corollary 2.7, OE 2 † 1 .G/ if and only if N is finitely generated. Assume that N is finitely generated. By definition, G has a presentation
hence G=hx Now we need to translate the relations of G to relations on the generators of N shown in (3.20) . Firstly, it is easy to see that the relations u i u j D u j u i , i; j D 1; 2; 3, are equivalent to the combination of the following relations:
; which also implies (3.19). By using these equations, we can translate the other relations:
and By hypothesis, N is finitely generated, then so is
Analyzing the relations of (3.26), we obtain the following presentation:
We will show that the above presentation contradicts N N being finitely generated.
The isomorphism above is justified by the following: By conjugating by suitable powers of , the first and second relations of (3.27) are equivalent to, respectively,
which is also equivalent to
So we can use (3.28) and (3.29) to see the elements z i and x i , for i 2 Z, as elements of M , constructing the isomorphism. We write by abuse of notation x i , y i and z i for the images of x i , y i and z i in N N . By using (3.28) and (3.29) and some easy induction arguments, we can see that, for each j 2 Z, there are unique Q 
A and a commutative diagram, as noted in Section 3.1. We also define A, ı and B as in the same subsection and we recall that
Consider the abelianization B ab of B. Since B is finitely generated, so is the Z-module B ab . As N A=B ' A=K A ' D, we can view B ab as a right ZOED-module where the action is induced by conjugation. By (3.32), B ab as a right Z k 2 OED-module is generated by the images of e i WD ıÂy i ; i 2 Z:
It follows that B ab is a quotient of the free Z k 2 OED-module L i 2Z e i Z k 2 OED with basis ¹e i º i2Z . By (3.30) and (3.31) we have an isomorphism of Z k 2 OED-modules
where e i Z k 2 OED ' Z k 2 OED and I is the Z k 2 OED-submodule generated by
Consider the ring
which is also a Z k 2 -vector space of dimension .k 1 1/.k 3 1/ 1. Then the free R-module with basis ¹e i º i 2Z
is a quotient of B ab (as Z-module), hence finitely generated (as Z-module), a contradiction with R ¤ 0. where k 1 ; k 2 ; k 3 are integers, with
hence G=hx 0 ; y 0 ; wi G is generated by the class of . By Lemma 2. since w commutes with . Now we need to translate the relations of G to relations on the generators of N shown in (3.34). Firstly, it is easy to see that the relation u 2 u 3 D u 3 u 2 is equivalent to the combination of the following relations:
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Analyzing the relations of (3.40), we obtain the following presentation:
We will show that the above presentation contradicts N N being finitely generated. Let D Ã D q. Consider the groups K 1 , K 3 , K, M , D and A defined in Section 3.1. Let be the canonical homomorphism
The isomorphism above is justified by the following: By conjugating by suitable powers of , the first and second relations of (3.41) are equivalent to, respectively, We write by abuse of notation x i , y i and z i for the images of x i , y i and z i in N N . By using (3.42) and (3.43) and some easy induction arguments, we can see that, for each j 2 Z, there are unique Q
Proof. By Lemma 2.12 we can assume that k i is prime, for i D 1; 2; 3. Define N WD Ker. / and note that is discrete. By Corollary 2.7, OE 2 † 1 .G/ if and only if N is finitely generated. Assume that N is finitely generated. By definition, G has a presentation (3.44)
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Now we need to translate the relations of G to relations on the generators of N shown in (3.44):
(by moving the u 1 1 factors to the right by conjugation, clearing common factors at the right, and conjugating both sides by u By hypothesis, N is finitely generated, then so is
for which we obtain the following presentation:
i D 1; (3.48), (3.49); i 2 Zi: (3.50) Let D 2l and Ã D 1. Consider the groups K 1 , K 3 , K, M , D and A defined in Section 3.1. Let be the canonical homomorphism
The isomorphism above is justified by the following: Conjugating by suitable powers of u 1 , we obtain the two last relations of (3.50) to be equivalent to, respectively, which are also equivalent to
So we can use (3.51) and (3.52) to see the elements z i and x i , for i 2 Z, as elements of M , constructing the isomorphism.
We write by abuse of notation x i , y i and z i for the images of x i , y i and z i in N N . Now we need a technical lemma. Lemma 3.6. For all j 2 Z, there are unique Q
for j 2l; (3.56)
Proof. The first part comes from the normal form theorem for free products. Equations (3.53) and (3.55) come from conjugating, applying an induction argument and the uniqueness of the first part of the lemma on (3.51). Equation (3.54) is equivalent to (3.53). The two last sentences can be obtained by isolating Q x i on (3.51) and (3.52), respectively, and using another induction argument followed by using the uniqueness of the first part. Essentially the same result was proven in [2, Claim 3.3].
Let Â W M A be the epimorphism given by Â jK D Id K and Â projects K 1 and
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Now we have two cases to consider. If k 1 ¤ 2, then, by (3.53) and (3.54), Â. Q x i / is always a generator of Z k 1 , since k 1 is prime. So in B ab ,
by permutating the factors if necessary. If k 1 D 2, then, by (3.53) and (3.54), Â. Q x i / is always a generator of Z k 1 except when i Á 2 mod 2l C 1, in this case Â.
By (3.58), B ab as a right Z k 2 OED-module is generated by the images of
Thus B ab is a quotient of the free
where O v i ; O w i are respectively the preimages of b i ; c i in L i 2Z e i Z k 2 OED, with b i ; c i 2 B ab being the images of ıÂv i ; ıÂw i 2 B in B ab , and I 0 is the Z k 2 OED-submodule generated by
which is also a Z k 2 -vector space of dimension .k 1 1/.k 3 1/ 1. Then we
and consider the Z k 2 -vector space
As I 0 h¹ O v i º i 2L i, it follows that V is a quotient of B ab (as Z k 2 -vector space), hence finite dimensional. Consider the ring
where e i R ' R. By (3.56) and (3.57),
.
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(by moving the u By hypothesis, N is finitely generated, then so is
for which we obtain the following presentation: 
The isomorphism above is justified by the following: Conjugating by suitable powers of u 1 , we obtain the two last relations of (3.65) to be equivalent to, respectively,
which are also equivalent to
So we can use (3.66) and (3.67) to see the elements z i and x i , for i 2 Z, as elements of M , constructing the isomorphism. From now on, the proof continues just like the one of Theorem 3.5. 
Proof. By Lemma 2.12 we can assume that k i is prime, for i D 1; 2; 3. Define N WD Ker. / and note that is discrete. By Corollary 2.7, OE 2 † 1 .G/ if and only if N is finitely generated. Assume that N is finitely generated. By definition, G has a presentation (3.68)
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Now we need to translate the relations of G to relations on the generators of N shown in (3.68):
(by moving the u 1 1 factors to the right by conjugation, clearing common factors at the right, and conjugating both sides by u i 1 1 ), By hypothesis, N is finitely generated, then so is
The isomorphism above is justified by the following: Conjugating by suitable powers of u 1 , we obtain the two last relations of (3.74) to be equivalent to, respectively,
So we can use (3.75) and (3.76) to see the elements x i and z i , for i 2 Z, as elements of M , constructing the isomorphism.
K. Almeida
We write by abuse of notation x i , y i and z i for the images of x i , y i and z i in N N . By the Normal Form Theorem for free products, we have that for all j 2 Z there are unique Q
Besides, by conjugating, applying an induction argument and the uniqueness above on (3.75), we obtain
As K A has finite index in A, it follows that
has finite index in N A, and since N N is finitely generated we deduce that B is finitely generated. Consider the abelianization B ab of B. Since B is finitely generated, so is the Z-module B ab . As N A=B ' A=K A ' D, we can view B ab as a right ZOED-module where the action is induced by conjugation. Note that
for all i 2 Z. By (3.77), B ab as a right Z k 2 OED-module is generated by the images of e i WD ıÂy i ; i 2 Z:
It follows that B ab is a quotient of the free Z k 2 OED-module L i 2Z e i Z k 2 OED with basis ¹e i º i 2Z . By the definition of B ab there is an isomorphism of Z k 2 OED-modules
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and I is the Z k 2 OED-submodule generated by
where O v i ; O w i are respectively the preimages of
which is also a Z k 2 -vector space of dimension .k 1 1/.k 3 1/ 1. So
is a quotient of B ab (as a Z-module), hence finitely generated (as a Z-module), a contradiction with R ¤ 0. 
Proof. By Lemma 2.12 we can assume that k i is prime, for i D 1; 2; 3. Define N WD Ker. / and note that is discrete. By Corollary 2.7, OE 2 † 1 .G/ if and only if N is finitely generated. Assume that N is finitely generated. By definition, G has a presentation Now we need to translate the relations of G to relations on the generators of N shown in (3.78):
The isomorphism above is justified by the following: Conjugating by suitable powers of u 1 , we obtain the two last relations of (3.84) to be equivalent to, respectively,
which are also equivalent to 
Proof. By Lemma 2.12 we can assume that k i is prime, for i D 1; 2; 3. Define N WD Ker. / and note that is discrete. By Corollary 2.7, OE 2 † 1 .G/ if and only if N is finitely generated. Assume that N is finitely generated. By definition, G has a presentation which also implies (3.87). By using these equations, we can translate the other relations:
i Cq w˛; i 2 Z; (3.89) (by moving the q and p factors to the right, clearing common factors at the right and conjugating both sides by i ), and By hypothesis, N is finitely generated, then so is
Analyzing the relations of (3.94), we obtain the following presentation:
Let D Ã D q. Consider the groups K 1 , K 3 , K, M , D and A defined in Section 3.1. Let be the canonical homomorphism
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The isomorphism above is justified by the following: Conjugating by suitable powers of , we obtain the two last relations of (3.95) to be equivalent to, respectively,
where k 1 ; k 2 ; k 3 ; l 1 ; l 2 are positive integers,
Proof. This is essentially a corollary of the main result (Proposition A) of [3] . In fact, suppose that k 1 ; k 2 ; k 3 are not all powers of 2. Then by Lemma 2.12 we can add an edge labeled by 2k 4 WD lcm.2k 1 ; 2k 3 / and apply [3, Proposition A]. So we can assume k 1 ; k 2 ; k 3 to be powers of 2. By Lemma 2.12 we can assume
Define N WD Ker. / and note that is discrete. By Corollary 2.7, OE 2 † 1 .G/ if and only if N is finitely generated. Assume that N is finitely generated.
By definition, G has a presentation Now we need to translate the relations of G to relations on the generators of N shown in (3.98):
(by moving the u 1 1 factors to the right by conjugation, clearing common factors at the right, and conjugating both sides by u The BNS-invariant for Artin groups of circuit rank 2
221
The isomorphism above is justified by the following: Conjugating by suitable powers of u 1 , we obtain the two last relations of (3.104) to be equivalent to, respectively,
which are also respectively equivalent to If 0 has any odd edges, we collapse them by using Step 4 of Lemma 2.12 as many times as necessary. We still have a graph G such that L. / is disconnected and all our hypothesis hold. So we may consider 0 as not being straight. We have some other cases to consider.
Case 1: 0 is direct. Then we have three subcases. Case 1.A: 1 and 2 are straight. As 1 and 2 are straight, their only even edge is also dead. Then by using Step 4 of Lemma 2.12 as many times as necessary we may collapse all the odd edges of 1 and 2 but one of each and still obtain a graph G such that L. / is disconnected. This will give us the graph of Theorem 3.12 or the one of Theorem 3.11. They both lead to a contradiction. Case 1.B: 1 is straight and 2 is not straight (or vice-versa). Again we have that the even edge of 1 is dead. By using Step 4 of Lemma 2.12 as many times as necessary we may collapse all the odd edges of 1 and 2 except for one of 1 and still obtain a graph G such that L. / is disconnected. Now we use Step 3 of Lemma 2.12 as many times as necessary to change all the labels of the even edges of 2 that are not dead to 2. Then we obtain a graph that contains two vertices connected by three paths: 1 , formed by a single dead edge and a single odd edge; 0 , formed by a single dead edge; and 2 , formed by a dead edge and some edges labeled by 2.
If there is more than one edge labeled by 2 in sequence, we need to reduce it to a single edge still labeled by 2. We do it by using a technique we have used in [2] and we describe below. For example, suppose that 2 D e 0 e 1 e 2 e m , where e 0 is a dead edge and e 1 ; e 2 : : : ; e m are edges labeled by 2. So G is as below. to conclude that OE A 2 † 1 .G A / which reduces the 2-labeled edges e 1 ; e 2 ; : : : ; e m to a single 2-labeled edge f as we intended. We name the above technique as 2-cutting, for further reference. Back to the problem, by using 2-cutting one or two times, we get one of the following graphs: either one on the statement of Theorem 3.7, or the one on Theorem 3.5 (if 2 is twisted) or the one on Theorem 3.1 (if 2 is double-twisted). All these cases lead to contradictions. Case 1.C: 1 and 2 are not straight. By using Step 4 of Lemma 2.12 as many times as necessary, we collapse all the odd edges of 1 and 2 and still obtain a graph G such that L. / is disconnected.
Recall that exactly one edge of 1 and one edge of 2 are dead. We use Step 3 of Lemma 2.12 as many times as necessary to change all the labels of the even edges of 1 and 2 that are not dead to 2. Then we obtain a graph that contains two vertices connected by three paths: 0 , formed by a single dead edge; and 1 and 2 , both formed by a dead edge and some edges labeled by 2 (at least one, since the original graph is simplicial).
By using 2-cutting technique one to four times (depending on the graph), we get a graph in the fashion of the statements of Theorem 3.8, Theorem 3.9 (if 1 and 2 are twisted), Theorem 3.10 (if 1 is twisted and 2 is double-twisted, or vice-versa) or Theorem 3.3 (if 1 and 2 are both double-twisted). All these cases lead to contradictions.
Case 2: 0 is twisted. In this case we change all the labels of the even edges of 0 that are not the dead one to 2 (by using Step 3 of Lemma 2.12) and reduce the 2-labeled edges in sequence to single 2-labeled edges by 2-cutting.
Again we have some cases to consider:
Case 2.A: 1 (or 2 , without loss of generality) is straight. Then we can collapse all the odd edges of 2 by using Step 4 of Lemma 2.12 and replace the indexes of 1 and 0 , so that the new 0 is direct and we are back to case 1.
Case 2.B: 1 and 2 are twisted. We again reduce the paths by changing even labels to 2 and 2-cutting, so that we have two subcases: If the three twists are at
